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Abstract
In this paper, we first give a lower bound of the lifespan and some estimates of classical
solutions to the Cauchy problem for general quasi-linear hyperbolic systems, whose
characteristic fields are not weakly linearly degenerate and the inhomogeneous terms
satisfy Kong’s matching condition. After that, we investigate the lifespan of the classical
solution to the Cauchy problem and give a sharp limit formula. In this paper, we only
require that the initial data are sufficiently small in the L1 sense and the BV sense.
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eracy; Matching condition; Normalized Coordinates; Blow-up; Lifespan.
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1 Introduction and main results
Consider the following quasi-linear hyperbolic system of first order
∂u
∂t
+A(u)
∂u
∂x
= B(u), (1.1)
where u = (u1, · · · , un)
T are the unknown vector-valued functions of (t, x), A(u) = (aij(u)) is an
n× n matrix and B(u) = (B1(u), B2(u), · · · , Bn(u))T are n−dimensional vector-valued functions.
By hyperbolicity, for any given u on the domain under consideration, A(u) has n real eigen-
values λ1(u), · · · , λn(u) and a complete system of left (resp. right) eigenvectors l1(u), · · · , ln(u)
(resp. r1(u), · · · , rn(u)). In this paper, we assume that (1.1) is a strictly hyperbolic system, i.e.,
λ1(u) < λ2(u) < · · · < λn(u). (1.2)
Without loss of generality, we suppose that on the domain under consideration
li(u)rj(u) ≡ δij , r
T
i (u)ri(u) ≡ 1 (i, j = 1, · · · , n),
where δij stands for the Kronecker’s symbol.
The following definitions come from Kong [7].
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Definition 1.1 The i−th characteristic λi(u) is weakly linearly degenerate, if, along the i−th
characteristic trajectory u = u(i)(s) passing through u = 0, defined by du
(i)(s)
ds
= ri(u
(i)(s)), s = 0 :
u = 0, we have
∇λi(u)ri(u) ≡ 0, ∀ |s| small, (1.3)
namely
λi(u
(i)(s)) ≡ λ(0), ∀ |s| small. (1.4)
If all characteristics λi(u) (i = 1, 2, · · · , n) are weakly linearly degenerate, then the system (1.1)
is called weakly linearly degenerate.
Definition 1.2 The inhomogeneous term B(u) is called to be satisfied the matching condition,
if, along the i−th characteristic trajectory u = u(i)(s) passing through u = 0, B(u) ≡ 0, i.e.,
B(u(i)(s)) ≡ 0, ∀ |s| small. (1.5)
Definition 1.3 If there exists a sufficiently smooth invertible transformation u = u(u˜) (u(0) = 0)
such that in the u˜− space, for each i = 1, 2, · · · , n, the i−th characteristic trajectory passing through
u˜ = 0 coincides with the u˜−axis at least for |u˜i| small, namely
r˜i(u˜iei) ≡ ei, ∀ |u˜i| small, (1.6)
where ei = (0, · · · , 0,
(i)
1 , 0, · · · , 0)T . Such a transformation is called a normalized transfor-
mation and the corresponding unknown variables u˜ = (u˜1, u˜2, · · · , u˜n)T are called normalized
variables or normalized coordinates.
If the system (1.1) is strictly hyperbolic, then there always exists the normalized transformation
(cf. [8]). In this paper, for the sake of simplicity, we assume that the unknown variables u are
already normalized variables. That is to say,
ri(uiei) ≡ ei. (1.7)
It is easy to see
ri(0) = ei, li(0) = e
T
i . (1.8)
At the same time, (1.4) and (1.5) can be deduced to
λi(uiei) ≡ 0 (1.9)
and
B(uiei) = 0 (1.10)
respectively.
We consider the Cauchy problem of the hyperbolic system (1.1) with the following initial data
t = 0 : u(0, x) = f(ǫ, x), (1.11)
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where f(ǫ, x) is a C1 vector-valued function of ǫ, x such that
f(0, x) ≡ 0,
∂2f
∂ǫ∂x
(ǫ, ·) ∈ (Cr[0, ǫ1])
n
, 0 < r ≤ 1, (1.12)
where ǫ ∈ [0, ǫ1], ǫ1 is a sufficiently small positive constant. Then we know that
lim
ǫ→0+
f(ǫ, x)
ǫ
=
∂f
∂ǫ
(0, x) , ψ(x) ∈
(
C1(R)
)n
. (1.13)
For the case that the initial data f(ǫ, x) satisfies the following decay property: there exists a
constant µ > 0 such that
̺
△
= sup
x∈R
{
(1 + |x|)1+µ
(
|f(ǫ, x)|+
∣∣∣∣∂f∂x (ǫ, x)
∣∣∣∣)} < +∞ (1.14)
is sufficiently small, by means of the normalized coordinates Li et al proved that the Cauchy
problem (1.1) and (1.11) admits a unique global classical solution, provided that the system (1.1)
is weakly linearly degenerate (see [12]-[15] and [8]). Kong and Yang [11] studied the asymptotic
behavior of the classical solution. In their works, the condition µ > 0 is essential. If µ = 0, a
counterexample was constructed by Kong [7] showing that the classical solution may blow up in a
finite time, even when the system (1.1) is weakly linearly degenerate.
For the quasi-linear strictly hyperbolic system with linearly degenerate characteristic fields, A.
Bressan [1] proved the global existence of classical solution with initial data of small BV norm.
If the characteristic fields are weakly linearly degenerate, Zhou [19] proved the global existence of
classical solution with initial data of small L1 norm and BV norm. Dai and Kong [4] and Dai [2]
studied the asymptotic behavior of the classical solution.
When system (1.1) is not weakly linearly degenerate, there exists a nonempty set J ⊆ {1, 2, · · · , n}
such that λi(u) is not weakly linearly degenerate if and only if i ∈ J .
Noting (1.4), we observe that for any fixed i ∈ J , either there exists an integer αi ≥ 0 such that
dlλi
(
u(i)(s)
)
dsl
∣∣∣∣∣
s=0
= 0 (l = 1, · · · , αi) , but
dαi+1λi
(
u(i)(s)
)
dsαi+1
∣∣∣∣∣
s=0
6= 0, (1.15)
or
dlλi
(
u(i)(s)
)
dsl
∣∣∣∣∣
s=0
= 0 (l = 1, 2, · · · ) . (1.16)
In the case that (1.16) holds, we define αi = +∞.
For the normalized coordinates, conditions (1.15) and (1.16) simply reduce to
∂lλi
∂uli
(0) = 0 (l = 1, · · · , αi), but
∂αi+1λi
∂uαi+1i
(0) 6= 0
and
∂lλi
∂uli
(0) = 0 (l = 1, 2, · · · )
respectively.
Our first goal in this paper is to give the following uniform a priori estimates of the classical
solution to the Cauchy problem (1.1) and (1.11).
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Theorem 1.1 Suppose that the system (1.1) is strictly hyperbolic, A (u) , B(u) is suitably smooth
in a neighborhood of u = 0 and B(u) satisfies the matching condition, suppose furthermore that
the initial data (1.11) satisfies∫ +∞
−∞
∣∣∣∣∂f∂x (ǫ, x)
∣∣∣∣ dx ≤ K1ǫ, ∫ +∞
−∞
|f(ǫ, x)|dx ≤
K2
M + 1
ǫ, (1.17)
where ǫ is a sufficiently small positive constant and K1,K2 and M , sup
x∈R
∣∣∣∂ψ∂x (x)∣∣∣ are constants
independent of ǫ. Suppose finally that system (1.1) is not weakly linearly degenerate and
α = min {αi | i ∈ J} <∞, (1.18)
where αi is defined by (1.15)-(1.16). Then, on the existence domain [0, T ]× R of the C1 solution
u = u (t, x), there exist positive constants K3, K4, K5, K6 independent of ǫ, M, T such that
V1(T ), V˜1(T ) ≤ K3(ǫ + ǫ
α+2T ), W1(T ), W˜1(T ), U∞(T ), V∞(T ) ≤ K3ǫ, (1.19)
where
T ǫα+
3
2 ≤ K4 (1.20)
and
W∞(T ) ≤ K5ǫ, (1.21)
where
T ǫα+1 ≤ K6. (1.22)
In (1.19) and (1.21), V1(T ), V˜1(T ), W1(T ), W˜1(T ), U∞(T ), V∞(T ), W∞(T ) are defined as
follows: For any fixed T ≥ 0,
U∞(T ) = sup
0≤t≤T
sup
x∈R
|u(t, x)|, V∞(T ) = sup
0≤t≤T
sup
x∈R
|v(t, x)|,
W∞(T ) = sup
0≤t≤T
sup
x∈R
|w(t, x)|,
V1(T ) = sup
0≤t≤T
∫ +∞
−∞
|v(t, x)|dx, W1(T ) = sup
0≤t≤T
∫ +∞
−∞
|w(t, x)|dx,
V˜1(T ) = max
i6=j
sup
C˜j
∫
C˜j
|vi(t, x)|dt, W˜1(T ) = max
i6=j
sup
C˜j
∫
C˜j
|wi(t, x)|dt,
where | · | stands for the Euclidean norm in Rn, v = (v1, · · · , vn)T and w = (w1, · · · , wn)T in which
vi = li(u)u and wi = li(u)ux are defined by (2.1) in §2, C˜j stands for any given j-th characteristic
on the domain [0, T ]× R.
Remark 1.1 By (1.21)-(1.22), we know that the life span of the classical solution T˜ (ǫ) ≥ K6ǫ−(α+1).
It is obvious that (1.14) implies (1.17). Therefore, Theorem 1.1 is a generalization of corresponding
results of Li et al [15] and Kong [8] where the decay initial data was considered.
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For the critical case, i.e., in (1.18), α = +∞, from Theorem 1.1 and its proof in §3, we can
easily get the following corollary.
Corollary 1.1 Assume that the assumptions except (1.18) in Theorem 1.1 hold. In (1.18), we
assume that α = +∞. Then, for any given integer N ≥ 1, there exists ǫ0 = ǫ0(N) > 0 so small
that for any fixed ǫ ∈ (0, ǫ0], the lifespan T˜ (ǫ) of the C
1 solution u = u(t, x) to the Cauchy problem
(1.1) and (1.11) satisfies
T˜ (ǫ) ≥ CN ǫ
−N ,
where CN is a positive constant independent of ǫ.
Next we consider the blow-up of the classical solution to the Cauchy problem of the hyperbolic
system (1.1) with the initial data (1.11). If the hyperbolic system (1.1) is not weakly linearly
degenerate, Li et al [15] and Kong [8] estimated the lifespan of classical solution to the Cauchy
problem (1.1) with the special initial data u(0, x) = ǫφ(x) which satisfies the following decay
property: there exists a constant µ > 0 such that
̺
△
= sup
x∈R
{(1 + |x|)1+µ(|φ(x)| + |φ′(x)|)} < +∞ (1.23)
and the zero or matching inhomogeneous term B(u).
Our second goal is to investigate the lifespan of classical solution to the Cauchy problem (1.1)
and (1.11) when the system (1.1) is not weakly linearly degenerate.
Theorem 1.2 Suppose that the assumptions in Theorem 1.1 hold. Let
J1 = {i | i ∈ J, αi = α } 6= ∅. (1.24)
If there exists i0 ∈ J1 and a point x0 ∈ R such that
∂α+1λi0
∂uα+1i0
(0)ψαi0ψ
′
i0
(x0) < 0, (1.25)
where ψ(x) ∈
(
C1(R)
)n
is defined in (1.13), then there exists ǫ0 > 0 so small that for any fixed
ǫ ∈ (0, ǫ0], the first order derivatives of the C1 solution u = u (t, x) to the Cauchy problem (1.1)
and (1.11) must blow up in a finite time and the lifespan T˜ (ǫ) of u = u (t, x) satisfies
lim
ǫ→0+
(
ǫα+1T˜ (ǫ)
)−1
= max
i∈J1
sup
x∈R
(
−
1
α!
∂α+1λi
∂uα+1i
(0)ψαi (x)ψ
′
i(x)
)
. (1.26)
Remark 1.2 It is obvious that the decay property (1.23) implies (1.17). Therefore, Theorem 1.2
is a generalization of responding results of Li et al [15] and Kong [8] and results of L. Ho¨rmander
[5], John [6], Liu [16] where the decay initial data and the compactly supported initial data are
considered respectively.
Remark 1.3 For the hyperbolic system (1.1) with constant multiple characteristic fields, we can
obtain the similar results in Theorem 1.1 and Theorem 1.2 if we prove them as in this paper and
in [2]-[3].
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Remark 1.4 Similar to Kong and Li [10], if along i−th characteristic x = xi(t, y), wi(t, xi(t, y)) =
li(u)ux(t, xi(t, y)) blow up at the lifespan T˜ (ǫ), then we have
wi(t, xi(t, y)) = O((T˜ (ǫ)− t)
−1), when t→ T˜ (ǫ)−.
Remark 1.5 For the conservation laws, shock will appear (see Kong [9]).
This paper is organized as follows. In §2, we recall John’s formula on the decomposition of
waves with some supplements for the hyperbolic system (1.1). Then we give some uniform a priori
estimates for the Cauchy problem (1.1) and (1.11) and prove Theorem 1.1 in §3. In §4, we obtain
some important uniform estimates by making use of an invertible characteristics’ transformation
of the hyperbolic system (1.1). Finally, we investigate the lifespan of the classical solution to the
Cauchy problem (1.1) and (1.11) and give the proof of Theorem 1.2 in §5.
2 Preliminaries and Decomposed Formulas of Waves
For the sake of completeness, in this section we briefly recall John’s formula on the decomposition
of waves with some supplements for the hyperbolic system (1.1), which play an important role in
our proof.
Let
vi = li(u)u, wi = li(u)ux (i = 1, · · · , n) (2.1)
and
bi(u) = li(u)B(u) (i = 1, 2, · · · , n). (2.2)
Then we have
u =
n∑
k=1
vkrk(u), ux =
n∑
k=1
wkrk(u) (2.3)
and
B(u) =
n∑
k=1
bk(u)rk(u). (2.4)
Let
d
dit
=
∂
∂t
+ λi(u)
∂
∂x
(2.5)
be the directional derivative along the i-th characteristic. We have (see [13]-[15] or [8])
dvi
dit
=
n∑
j,k=1
βijk(u)vjwk +
n∑
j,k=1
νijk(u)vjbk(u) + bi(u)
△
= Fi(t, x) (2.6)
and
dwi
dit
=
n∑
j,k=1
γijk(u)wjwk +
n∑
j,k=1
σijk(u)wjbk(u) + (bi(u))x
△
= Gi(t, x), (2.7)
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where
βijk(u) = (λk(u)− λi(u))li(u)∇rj(u)rk(u), (2.8)
νijk(u) = −li(u)∇rj(u)rk(u), (2.9)
γijk(u) = (λk(u)− λj(u))li(u)∇rj(u)rk(u)−∇λj(u)rk(u)δij , (2.10)
σijk(u) = li(u))(∇rk(u)rj(u)−∇rj(u)rk(u)). (2.11)
Equivalently we also get
∂vi
∂t
+
∂(λi(u)vi)
∂x
=
n∑
j,k=1
β˜ijk(u)vjwk +
n∑
j,k=1
νijk(u)vjbk(u) + bi(u)
, F˜i(t, x), (2.12)
d[vi(dx− λi(u)dt)] =
 n∑
j,k=1
β˜ijk(u)vjwk +
n∑
j,k=1
νijk(u)vjbk(u) + bi(u)
 dt ∧ dx
△
= F˜i(t, x)dt ∧ dx (2.13)
and
∂wi
∂t
+
∂(λi(u)wi)
∂x
=
n∑
j,k=1
γ˜ijk(u)wjwk +
n∑
j,k=1
σijk(u)wjbk(u) + (bi(u))x
△
= G˜i(t, x), (2.14)
d[wi(dx− λi(u)dt)] =
 n∑
j,k=1
γ˜ijk(u)wjwk +
n∑
j,k=1
σijk(u)wjbk(u) + (bi(u))x
 dt ∧ dx
△
= G˜i(t, x)dt ∧ dx, (2.15)
where
β˜ijk(u) = βijk(u) +∇λi(u)rk(u)δij , (2.16)
γ˜ijk(u) = γijk(u) +
1
2
[∇λj(u)rk(u)δij +∇λk(u)rj(u)δik]. (2.17)
From (2.8), (2.10) and (2.16)-(2.17), we see that
βiji(u) ≡ 0, γ˜ijj(u) ≡ 0, ∀ i, j ∈ {1, 2, · · · , n}, ∀ |u| small, (2.18)
γijj(u) ≡ 0, β˜iji(u) ≡ 0, ∀ j 6= i, ∀ |u| small. (2.19)
As we already assume that u are the normalized coordinates, making use of (1.7), the following
relations hold (see [8]):
βijj(ujej) ≡ 0, νijj(ujej) ≡ 0, σijj(ujej) ≡ 0, |uj | small, ∀ i, j, (2.20)
β˜ijj(ujej) ≡ 0, ∀ |uj| small, ∀ i 6= j. (2.21)
When the inhomogeneous term B(u) satisfies the matching condition, then in the normalized
coordinates u (see [8]),
bi(u) =
∑
j 6=k
bijk(u)ujuk, ∀ |u| small, ∀ i ∈ {1, 2, · · · , n}, (2.22)
(bi(u))x =
n∑
k=1
b˜ik(u)wk, (2.23)
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where bijk(u) is a C
1 function and b˜ik(u) =
n∑
l=1
∂bi(u)
∂ul
rkl(u) satisfies that
b˜ik(ukek) ≡ 0, ∀ |uk| small, ∀ k ∈ {1, · · · , n}. (2.24)
3 Uniform Estimates—Proof of Theorem 1.1
In this section, we shall establish some uniform estimates under the assumptions in Theorem 1.1
and give the proof of Theorem 1.1.
First we recall some basic L1 estimates. They are essentially due to Schartzman [17], [18] and
Zhou [19].
Lemma 3.1 Let φ = φ(t, x) ∈ C1 satisfy
φt + (λ(t, x)φ)x = F (t, x), 0 ≤ t ≤ T, x ∈ R, φ(0, x) = g(x),
where λ ∈ C1. Then∫ +∞
−∞
|φ(t, x)|dx ≤
∫ +∞
−∞
|g(x)|dx +
∫ T
0
∫ +∞
−∞
|F (s, x)|dsdx, ∀ t ≤ T,
provided that the right hand side of the inequality is bounded.
Lemma 3.2 Let φ = φ(t, x) and ψ = ψ(t, x) be C1 functions satisfying
φt + (λ(t, x)φ)x = F (t, x), 0 ≤ t ≤ T, x ∈ R, φ(0, x) = g1(x),
and
ψt + (µ(t, x)φ)x = G(t, x), 0 ≤ t ≤ T, x ∈ R, φ(0, x) = g2(x),
respectively, where λ, µ ∈ C1 such that there exists a positive constants δ0 independent of T
verifying
µ(t, x)− λ(t, x) ≥ δ0, 0 ≤ t ≤ T, x ∈ R.
Then ∫ T
0
∫ +∞
−∞
|φ(t, x)||ψ(t, x)|dxdt ≤ C
(∫ +∞
−∞
|g1(x)|dx +
∫ T
0
∫ +∞
−∞
|F (t, x)|dxdt
)
×(∫ +∞
−∞ |g2(x)|dx +
∫ T
0
∫ +∞
−∞ |G(t, x)|dxdt
)
,
provided that the two factors on the right hand side of the inequality is bounded.
By the existence and uniqueness of local C1 solution to the Cauchy problem, in order to prove
Theorem 1.1, it suffices to establish a prior estimates on the C0 norm of u and ∂u
∂x
on the existence
domain of C1 solution u = u(t, x).
By (1.2), there exist positive constants δ0, δ1 and δ such that
|λi(u)− λj(v)| ≥ δ0, |λi (u)− λi (v) | ≤ δ1, ∀ |u|, |v| ≤ δ, ∀ i 6= j. (3.1)
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For the time being it is supposed that on the existence domain [0, T ] × R of the C1 solution
u = u (t, x) we have
|u(t, x)| ≤ K7ǫ, (3.2)
where K7 is a positive constant independent of ǫ, t, x. At the end of the proof of Theorem 1.1,
we shall explain that this hypothesis is reasonable. Then, (3.1) hold if we take δ = K7ǫ.
Introduce
QW (T ) =
∑
j 6=k
∫ T
0
∫
R
|wj(t, x)||wk(t, x)|dtdx,
QVW (T ) =
∑
j 6=k
∫ T
0
∫
R
|vj(t, x)||wk(t, x)|dtdx,
QV (T ) =
∑
j 6=k
∫ T
0
∫
R
|vj(t, x)||vk(t, x)|dtdx.
As we already assume that u are the normalized coordinates, by (1.7) it can be easily seen that∑
i6=j
|ui| ≤ C1
∑
i6=j
|vi|, for fixed j;
∑
i6=j
|uiwj | ≤ C1
∑
i6=j
|viwj |;
∑
i6=j
|uiuj| ≤ C1
∑
i6=j
|vivj |.
Here and hereafter Cj (j = 1, 2, · · · ) stand for some positive constants independent of ǫ, M, T .
It follows from (2.12) and (2.18)-(2.24) that
F˜i(t, x) =
n∑
j,k=1
β˜ijk(u)vjwk +
n∑
j,k=1
νijk(u)vjbk(u) + bi(u)
=
∑
j 6=k
β˜ijk(u)vjwk +
n∑
j=1
(β˜ijj(u)− β˜ijj(ujej))vjwj + β˜iii(uiei)viwi
+
n∑
j,k=1
νijk(u)vj
∑
p6=q
bkpq(u)upuq +
∑
p6=q
bipq(u)upuq.
On the other hand,
β˜iii(uiei) = ∇λi(uiei)ri(uiei) =
∂λi
∂ui
(uiei).
Therefore, we have
|F˜i(t, x)| ≤ C2
∑
j 6=k
|vjwk|+
∑
j 6=k
|vjvk|+ |ui|
α|viwi|
 . (3.3)
By (2.14) and (2.18)-(2.24), we have
G˜i(t, x) =
n∑
j,k=1
γ˜ijk(u)wjwk +
n∑
j,k=1
σijk(u)wjbk(u) + (bi(u))x
=
∑
j 6=k
γ˜ijk(u)wjwk +
n∑
j,k=1
σijk(u)wj
∑
p6=q
bkpq(u)upuq
+
n∑
k=1
(b˜ik(u)− b˜ik(ukek))wk.
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Then we get
|G˜i(t, x)| ≤ C3
∑
j 6=k
|vjwk|+
∑
j 6=k
|wjwk|
 . (3.4)
By (2.12), (2.14), (3.3)-(3.4), it follows from Lemma 3.2 that
QW (T ) ≤ C4
(
W1(0) +
∫ T
0
∫
R
|G˜(t, x)|dtdx
)2
≤ C4(W1(0) +QW (T ) +QVW (T ))
2
≤ C4(ǫ+QW (T ) +QVW (T ))
2, (3.5)
QV (T ) ≤ C4
(
V1(0) +
∫ T
0
∫
R
|F˜ (t, x)|dtdx
)2
≤ C4(V1(0) +QV (T ) +QVW (T ) + |U∞(T )|
α+1W1(T ) · T )
2
≤ C4
(
ǫ
M + 1
+QV (T ) +QVW (T ) + |U∞(T )|
α+1W1(T ) · T
)2
, (3.6)
QVW (T ) ≤ C4
(
V1(0) +
∫ T
0
∫
R
|F˜ (t, x)|dtdx
)(
W1(0) +
∫ T
0
∫
R
|G˜(t, x)|dtdx
)
≤ C4(V1(0) +QV (T ) +QVW (T ) + |U∞(T )|
α+1W1(T ) · T )
·(W1(0) +QW (T ) +QVW (T ))
≤ C4
(
ǫ
M + 1
+QV (T ) +QVW (T ) + |U∞(T )|
α+1W1(T ) · T
)
·(ǫ +QW (T ) +QVW (T )), (3.7)
where F˜ = (F˜1, F˜2, · · · , F˜n)T , G˜ = (G˜1, G˜2, · · · , G˜n)T .
We assume that the j−th characteristic C˜j intersects t = 0 with point A, intersects t = T with
point B. We draw an i−th characteristic C˜i from B downward and intersects t = 0 with point C.
We rewrite (2.15) as
d(|wi(t, x)|(dx − λi(u)dt)) = sgn(wi)G˜idtdx, a.e.
and integrate it in the region ABC to get∣∣∣∣∣
∫
C˜j
|wi(t, x)|(λj(u)− λi(u))dt
∣∣∣∣∣ ≤
∫ C
A
|wi(0, x)|dx+
∫ ∫
ABC
|G˜i|dtdx
≤ C5(W1(0) +QW (T ) +QVW (T )).
Noting (3.1), it follows that∫
C˜j
|wi(t, x)|dt ≤ C6(W1(0) +QW (T ) +QVW (T )) ≤ C7(ǫ +QW (T ) +QVW (T )),
hence
W˜1(T ) ≤ C8(ǫ+QW (T ) +QVW (T )). (3.8)
In a similar way, we can deduce from (2.13) that
V˜1(T ) ≤ C9
[
ǫ
M + 1
+QV (T ) +QVW (T ) + |U∞(T )|
α+1W1(T ) · T
]
. (3.9)
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It follows from (2.12) and Lemma 3.1 that∫ +∞
−∞
|vi(T, x)|dx ≤
∫ +∞
−∞
|vi(0, x)|dx+
∫ T
0
∫ +∞
−∞
|F˜i(t, x)|dtdx
≤ C10V1(0) + C2
∫ T
0
∫ +∞
−∞
∑
j 6=k
|vjwk|+
∑
j 6=k
|vjvk|+ |ui|
α|viwi|
 dtdx
≤ C11
[
ǫ
M + 1
+QV (T ) +QVW (T ) + |U∞(T )|
α+1W1(T ) · T
]
.
That is to say,
V1(T ) ≤ C11
[
ǫ
M + 1
+QV (T ) +QVW (T ) + |U∞(T )|
α+1W1(T ) · T
]
. (3.10)
In a similar way, it follows from (2.14) and Lemma 3.1 that
W1(T ) ≤ C12 [ǫ +QW (T ) +QVW (T )] . (3.11)
It can be easily seen that
U∞(T ), V∞(T ) ≤ C13 sup
0≤t≤T
∫ +∞
−∞
|ux(t, x)|dx ≤ C14W1(T ). (3.12)
Thus, in order to prove (1.19) it suffices to show that we can choose some constants di (i =
1, 2, 3, 4, 5) in such a way that for any fixed T0 (0 ≤ T0 ≤ T ) with T0ǫα+
3
2 ≤ K4 such that
V1(T0), V˜1(T0) ≤ 2d1ǫ+ 2d2ǫ
α+2T0, W1(T0) ≤ 2d3ǫ, W˜1(T0) ≤ 2d4ǫ,
U∞(T0), V∞(T0) ≤ 2d5ǫ, (3.13)
we have
V1(T0), V˜1(T0) ≤ d1ǫ+ d2ǫ
α+2T0, W1(T0) ≤ d3ǫ, W˜1(T0) ≤ d4ǫ,
U∞(T0), V∞(T0) ≤ d5ǫ. (3.14)
Substituting (3.13) into (3.5)-(3.7), we have
QW (T0) ≤ C4(ǫ+QW (T0) +QVW (T0))
2,
QV (T0) ≤ C4
[
ǫ
M + 1
+QV (T0) +QVW (T0) + (2d5)
α+1(2d3)K4ǫ
1
2
]2
,
QVW (T0) ≤ C4
[
ǫ
M + 1
+QV (T0) +QVW (T0) + (2d5)
α+1(2d3)K4ǫ
1
2
]
(ǫ +QW (T0) +QVW (T0)).
Denote a1 = (2d5)
α+1(2d3)K4. It follows that
QW (T0) ≤ C4(1 + 3C4a
2
1)
2ǫ2, QV (T0) ≤ 2C4a
2
1ǫ, QVW (T0) ≤ 2C4a1ǫ
3
2 , (3.15)
provided that ǫ is sufficiently small.
Furthermore, by making use of (3.15), from (3.8)-(3.12), we get
W˜1(T0) ≤ 2C8ǫ, V˜1(T0) ≤ 2C9
[
(
1
M + 1
+ 2C4a
2
1)ǫ+ (2d5)
α+1(2d3)ǫ
α+2T0
]
,
W1(T0) ≤ 2C12ǫ, V1(T0) ≤ 2C11
[
(
1
M + 1
+ 2C4a
2
1)ǫ + (2d5)
α+1(2d3)ǫ
α+2T0
]
,
U∞(T0), V∞(T0) ≤ 2C12C14ǫ.
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If we take
d3 ≥ 2C12, d4 ≥ 2C8, d5 ≥ 2C12C14
and
d1 ≥ 2max{C9, C11}
[
1
M + 1
+ 2C4a
2
1
]
, d2 ≥ 2max{C9, C11}(2d5)
α+1(2d3),
then we obtain (3.14). Thus, if we take K3 = max {d1, d2, d3, d4, d5}, we obtain (1.19).
It follow from (2.7) that
wi(t, xi(t, y)) = wi(0, y) +
∫
C˜i
Gi(t, xi(t, y))dt,
where C˜i is the i−th characteristic defined by
dxi(t, y)
dt
= λi(u(t, xi(t, y))), t = 0 : xi(0, y) = y.
By (2.7) and (2.18)-(2.24), we have
Gi(t, x) =
n∑
j,k=1
γijk(u)wjwk +
n∑
j,k=1
σijk(u)wjbk(u) + (bi(u))x
=
∑
j 6=k
γijk(u)wjwk + (γiii(u)− γiii(uiei))w
2
i + γiii(uiei)w
2
i
+
n∑
j,k=1
σijk(u)wj
∑
p6=q
bkpq(u)upuq +
n∑
k=1
(b˜ik(u)− b˜ik(ukek))wk.
On the other hand,
γiii(uiei) = −∇λi(uiei)ri(uiei) = −
∂λi
∂ui
(uiei).
Therefore, we get
|Gi(t, x)| ≤ C15
∑
j 6=k
(|wjwk|+ |vjwk|) +
∑
j 6=i
|vjw
2
i |+ |ui|
α|wi|
2
 . (3.16)
Then we obtain
W∞(T ) ≤ C16
[
W∞(0) +W∞(T )W˜1(T ) + V∞(T )W˜1(T ) +W∞(T )V˜1(T )
+W∞(T )
2V˜1(T ) + U∞(T )
αW∞(T )
2 · T
]
≤ C17
[
ǫ+W∞(T )W˜1(T ) + V∞(T )W˜1(T ) +W∞(T )V˜1(T )
+W∞(T )
2V˜1(T ) + U∞(T )
αW∞(T )
2 · T
]
. (3.17)
Thus, in order to prove (1.21) it suffices to show that we can choose some constant d6 in such
a way that, for any fixed T1 (0 ≤ T1 ≤ T ) with T1ǫα+1 ≤ K6,
W∞(T1) ≤ 2d6ǫ, (3.18)
we have
W∞(T1) ≤ d6ǫ. (3.19)
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Substituting (1.19) and (3.18) into (3.17), we have
W∞(T1) ≤ 2C17[1 +K
α
3 (2d6)
2K6]ǫ.
Hence, if d6 ≥ 4C17, K6 =
1
Kα3 (2d6)
2 , then we have (3.19). Therefore (1.21) is proved.
It follows from (1.19) that U∞(T ) ≤ K7ǫ where T satisfies (1.20), provided that ǫ is sufficient
small and K7 ≥ K3. Then the hypothesis (3.2) is reasonable. This proves Theorem 1.1. 
4 Some important uniform estimates on classical solutions
On the domain where the classical solution u = u(t, x) of the Cauchy problem (1.1) and (1.11)
exists, we denote the i-th characteristic passing through the point (0, y) by x = φ(i)(t, y), which is
defined by
∂φ(i)(t, y)
∂t
= λi
(
u
(
t, φ(i)(t, y)
))
, φ(i)(0, y) = y. (4.1)
Let
z(i)(t, y) = u
(
t, φ(i)(t, y)
)
. (4.2)
For the sake of simplicity, we omit the upper index (i) of z(i), φ(i) etc. in this section. Then from
(1.1) we easily have
li(z)∂tz = bi(z) (4.3)
and
lj(z)∂yz =
bj(z)− lj(z)∂tz
λj(z)− λi(z)
(∂yφ), ∀ j 6= i. (4.4)
Theorem 4.1 Under the assumptions of Theorem 1.1, we know that (φ, z) = (φ(t, y), z(t, y)) is
C1 smooth with respect to (t, y) on the domain
D(M1) =
{
(t, y) | 0 ≤ t < min
{
T˜ (ǫ), M1ǫ
−(α+1)
}
, −∞ < y <∞
}
,
provided that ǫ is sufficiently small, where M1 is any positive constant independent of ǫ, t, y and
T˜ (ǫ) is the lifespan of the C1 classical solution u = u(t, x) to the Cauchy problem (1.1) and (1.11).
Moreover, we have φty ∈ C0 and the following estimates hold in the domain D(M1):
|φt(t, y)| ≤ C18, |φy(t, y)| ≤ C18, |φty(t, y)| ≤ C18ǫ,
|z(t, y)| ≤ C18ǫ, |zt(t, y)| ≤ C18ǫ, |zy(t, y)| ≤ C18ǫ. (4.5)
In addition, in the domain D(M1),
w¯j(t, y) ,
bj(z)− lj(z)
∂z
∂t
λj(z)− λi(z)
∈ C0, |w¯j(t, y)| ≤ C19ǫ, j 6= i. (4.6)
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Remark 4.1 In the existence domain of the C1 solution u = u(t, x) to the Cauchy problem (1.1)
and (1.11), i.e., in the domain
[
0,min
{
T˜ (ǫ),M1ǫ
−(α+1)
})
×(−∞,+∞), from (1.1) and (4.4) we
have, along the i− th characteristic x = φ(t, y) passing the point (0, y),
u(t, φ(t, y)) ≡ z(t, y)
and
w¯j(t, y) =
bj(u)− lj(u) (ut + λi(u)ux)
λj(u)− λi(u)
(t, φ(t, y))
=
bj(u)− lj(u) (−A(u)ux +B(u) + λi(u)ux)
λj(u)− λi(u)
(t, φ(t, y))
= wj(t, φ(t, y)), ∀ j 6= i,
where u = u(t, x) is the C1 smooth solution to the Cauchy problem (1.1) and (1.11) and wj =
lj(u)ux is defined by (2.1). It follows from (4.6) that
|wj(t, φ(t, y))| ≤ C19ǫ, j 6= i, if t ∈
[
0,min
{
T˜ (ǫ),M1ǫ
−1
})
, y ∈ R. (4.7)
Proof. It follows from (4.1) that
φty(t, y) = (λi(u(t, φ(t, y))))y =
n∑
j=1
∂λi(u)
∂uj
(uj)xφy(t, y), φy(0, y) = 1.
Then, we get
ln |φy(t, y)| =
∫ t
0
n∑
j=1
∂λi(u)
∂uj
(uj)x(t, φ(t, y))
Before the blow-up time, i.e., the lifespan T˜ (ǫ), we know that
φy(t, y) > 0, 0 ≤ t < T˜ (ǫ). (4.8)
The Cauchy problem (1.1) and (1.11) has a unique C1 smooth solution u = u(t, x) and the trans-
formation (t, y) → (t, x) : (t, x) = (t, φ(t, y)) is C1 invertible before the lifespan T˜ (ǫ). Therefore,
(φ, z) = (φ(t, y), z(t, y)) is C1 smooth when the time 0 ≤ t < T˜ (ǫ). It is obvious that (4.6)
can be deduced from (4.5). Thus, in order to prove Theorem 4.1, it suffices to prove (4.5) when
0 ≤ t < min
{
T˜ (ǫ), M1ǫ
−(α+1)
}
. To do so, it is sufficient to give uniform a priori estimates of C1
norm of z = z(t, y) and φ = φ(t, y) in the domain D(M1).
We fix that
0 < τ1 = min
{
ǫα+1T˜ (ǫ), M1
}
≤M1 (4.9)
and introduce
k = ∂yφ, w˜i = li(z)∂yz = wik. (4.10)
Assume that
z(t, y) = ǫσ(τ, y),
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where we denote
τ = ǫα+1t.
Introducing the supplemental invariants
ζi = li (ǫσ) ∂yσ, ζj = ǫ
α+1lj (ǫσ) ∂τσ (j 6= i), (4.11)
by (4.3)-(4.4) we have
ǫα+1∂τσ =
∑
j 6=i
ζjrj(ǫσ) + ǫ
−1bi(ǫσ)ri(ǫσ), ∂yσ =
∑
j 6=i
k(ǫ−1bj(ǫσ)− ζj)
λj (ǫσ)− λi (ǫσ)
rj (ǫσ) + ζiri(ǫσ). (4.12)
We denote ζ˜ = (ζ1, · · · , ζ̂i, · · · , ζn)t and b˜ = (b1, · · · , b̂i, · · · , bn)t which do not include ζi and bi
respectively.
By (1.19) in Theorem 1.1, we have
|z(t, y)| = |ǫσ(t, y)| = |u(t, φ(t, y))| ≤ U∞(t) ≤ K3ǫ, when (t, y) ∈ D(M1). (4.13)
We now estimate k, ζi and ζ˜. Denote
K(T ) = max
0≤t≤T≤τ1ǫ−(α+1)
sup
y∈R
|k(t, y)|,
H(i)(τ ) = max
0≤τ≤τ<τ1≤M1
sup
y∈R
|ζi(τ, y)|,
H˜(τ ) = max
0≤τ≤τ<τ1≤M1
sup
y∈R
|ζ˜(τ, y)|.
It is obvious that
K(0) ≡ 1, H(i)(0) = O(1), H˜(0) = O(1).
It follows from (4.1) that
∂tk = φty = (λi(u))y = ∇λi(u)uxk = ∇λi(u)
 n∑
j=1
wjrj(u)
 k. (4.14)
On the other hand, by the Hadamard’s formula we have
∇λi(u)ri(u) = (∇λi(u)ri(u)−∇λi(uiei)ri(uiei)) +∇λi(uiei)ri(uiei)
=
∑
j 6=i
[∫ 1
0
∂(∇λiri)
∂uj
(su1, · · · , sui−1, ui, sui+1, · · · , sun)ds
]
uj +∇λi(uiei)ri(uiei).
Noting (1.7), (1.15) and (1.19), we obtain
|∇λi(u)ri(u)| ≤ C20
∑
j 6=i
|vj |+ ǫ
α
 .
It is obvious that
wi(t, φ(t, y))k(t, y) = w˜i(t, φ(t, y)) = ǫζi(τ, y), where τ = ǫ
α+1t. (4.15)
Then, it follows from Theorem 1.1 that
K(T ) ≤ 1 + C21
[
W˜1(T )K(T ) + ǫH
(i)(ǫα+1T )
(
V˜1(T ) + ǫ
−1M1
)]
≤ 1 + C22
[
ǫK(T ) + ǫ2H(i)(ǫα+1T ) +M1H
(i)(ǫα+1T )
]
.
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Therefore, we get
K(T ) ≤ 2 + C23M1H
(i)(ǫα+1T ). (4.16)
From (2.7), we have
dw˜i
dit
= Gi(t, x)k + wi∂tk(t, y)
= Gi(t, x)k + wi∇λi(u)
 n∑
j=1
wjrj(u)
 k
=
∑
l 6=i
(γiil(u) + γili(u) +∇λi(u)rl(u))wl
+
n∑
l=1
∑
p6=q
σiil(u)blpq(u)upuq + (b˜ii(u)− b˜ii(uiei))
 w˜i
+
∑
j 6=l;j,l 6=i
γijl(u)wjwlk +
∑
j 6=i
n∑
l=1
σijl(u)bl(u)wjk +
∑
l 6=i
(b˜il(u)− b˜il(ulel))wlk
, a(t, φ(t, y))w˜i + b(t, φ(t, y))k(t, y).
Thus, we get
w˜i(t, φ(t, y)) =
[∫ t
0
b(s, φ(s, y))k(t, y) exp
(
−
∫ s
0
a(s′, φ(s′, y))ds′
)
ds+ w˜i(0, φ(0, y))
]
× exp
(∫ t
0
a(s′, φ(s′, y))ds′
)
.
From Remark 4.1, (4.12)-(4.13) and (2.22), we know that
|wj(t, φ(t, y))| ≤ C24|∂tz(t, y)| ≤ C24ǫ
α+2|∂τσ(ǫ
α+1t, y)| ≤ C25ǫ(H˜(ǫ
α+1t) + ǫ), ∀ j 6= i. (4.17)
Thus, Theorem 1.1 implies that∫ t
0
|a(s, φ(s, y))|ds ≤ C26
[
W˜1(t) + V∞(t)V˜1(t) + V˜1(t)
]
≤ C27ǫ
and ∫ t
0
|b(s, φ(s, y))|ds ≤ C28
[
C25ǫ(H˜(ǫ
α+1t) + ǫ)W˜1(t) + V∞(t)
2W˜1(t) + W˜1(t)V∞(t)
]
≤ C29(ǫ
2 + ǫ2H˜(ǫα+1t)).
Therefore, noting (4.15) we obtain
H(i)(τ¯ ) ≤ C30
[
H(i)(0) + ǫ(1 + H˜(τ¯ ))K(ǫ−(α+1)τ¯)
]
. (4.18)
(4.4) gives
lj (ǫσ)
[
ǫα+1k∂τσ + (λj (ǫσ)− λi (ǫσ)) ∂yσ
]
= ǫ−1bj(ǫσ)k, ∀ j 6= i.
Differentiating it with respect to τ and then multiplying ǫα+1 yields
ǫ
(
∇ulj(ǫσ)(ǫ
α+1∂τσ)
)t [
k(ǫα+1∂τσ) + (λj(ǫσ)− λi(ǫσ))∂yσ
]
+lj(ǫσ)
[
ǫα+1k∂τ + (λj(ǫσ)− λi(ǫσ))∂y
]
(ǫα+1∂τσ)
+lj(ǫσ)
[
(ǫα+1∂τk)(ǫ
α+1∂τσ) + ǫ
(
(∇uλj(ǫσ)−∇uλi(ǫσ))(ǫ
α+1∂τσ)
)t
∂yσ
]
= ǫα∂τ (bj(ǫσ)k).
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Furthermore, we have[
ǫα+1k∂τ + (λj(ǫσ)− λi(ǫσ))∂y
]
ζj
−ǫ
[
k∇ulj(ǫσ)(ǫ
α+1∂τσ) + (λj(ǫσ)− λi(ǫσ))(∇ulj(ǫσ)∂yσ)
]t
(ǫα+1∂τσ)
+ǫ
(
∇ulj(ǫσ)(ǫ
α+1∂τσ)
)t [
k(ǫα+1∂τσ) + (λj(ǫσ)− λi(ǫσ))∂yσ
]
+lj(ǫσ)
[
(ǫα+1∂τk)(ǫ
α+1∂τσ) + ǫ
(
(∇uλj(ǫσ)−∇uλi(ǫσ))(ǫ
α+1∂τσ)
)t
∂yσ
]
= ǫα∂τ (bj(ǫσ)k).
We can rewrite it in a simple form as follows[
ǫα+1k∂τ + (λj(ǫσ)− λi(ǫσ))∂y
]
ζj
+ǫ
[
(ǫα+1∂τσ)
tQ(1)(ǫσ)(ǫα+1∂τσ)k + (ǫ
α+1∂τσ)
tQ(2)(ǫσ)(∂yσ)
]
= ǫα∂τ (bj(ǫσ)k)− ǫ
α+1∂τkζj , (4.19)
here and hereafter Q(p)(ǫσ) (p = 1, 2, · · · , 9) are matrix, column vectors or scalar quantities which
are dependent of ǫσ continuously.
On the other hand, it follows from (4.12) that
(ǫα+1∂τσ)
tQ(1)(ǫσ)(ǫα+1∂τσ)k + (ǫ
α+1∂τσ)
tQ(2)(ǫσ)(∂yσ)
=
∑
j 6=i
ζjrj(ǫσ) + ǫ
−1biri(ǫσ)
tQ(1)(ǫσ)
∑
l 6=i
ζlrl(ǫσ) + ǫ
−1biri(ǫσ)
 k
+
∑
j 6=i
ζjrj(ǫσ) + ǫ
−1biri(ǫσ)
tQ(2)(ǫσ)
×
∑
l 6=i
−ζl
λl(ǫσ)− λi(ǫσ)
krl(ǫσ) +
∑
l 6=i
ǫ−1bl
λl(ǫσ)− λi(ǫσ)
krl(ǫσ) + ζiri(ǫσ)

= k
[
ζ˜tQ(3)(ǫσ)ζ˜ + ǫ−1Q(4)(ǫσ)tζ˜bi + ǫ
−2Q(5)(ǫσ)b2i + ǫ
−2Q(6)(ǫσ)tb˜bi + ǫ
−1ζ˜tQ(7)(ǫσ)b˜
]
+ǫ−1Q(8)(ǫσ)biζi +Q
(9)(ǫσ)tζ˜ζi.
Therefore, noting (2.22) and (4.13) we have |bj(ǫσ)| ≤ C31ǫ2 (∀ j = 1, 2, · · · , n) and then from
(4.16) and (4.18) we get, ∀ τ ∈ [0, τ¯ ] ⊂ [0, τ1),∣∣∣(ǫα+1∂τσ)tQ(1)(ǫσ)(ǫα+1∂τσ)(τ, y)k(ǫ−(α+1)τ¯ , y) + (ǫα+1∂τσ)tQ(2)(ǫσ)(∂yσ)(τ, y)∣∣∣
≤ C32
[(
H˜(τ¯ )2 + ǫH˜(τ¯ ) + ǫ2
)
K(ǫ−(α+1)τ¯ ) + ǫH(i)(τ¯ ) + H˜(τ¯ )H(i)(τ¯ )
]
. (4.20)
In the proof of (4.16), we have deduced that∫ τ¯
0
|∂τk(t, y)|dτ =
∫ ǫ−(α+1)τ¯
0
|∂tk(t, y)|dt
≤ C22
[
ǫK(ǫ−(α+1)τ¯) + ǫ2H(i)(τ¯ ) +M1H
(i)(τ¯ )
]
≤ C33
(
ǫ+M1H
(i)(τ¯ )
)
. (4.21)
On the other hand, we easily get∣∣∣∣∫ τ¯
0
(bj(ǫσ)k)τdτ
∣∣∣∣ =
∣∣∣∣∣
∫ ǫ−(α+1)τ¯
0
(bj(ǫσ)k)tdt
∣∣∣∣∣ ≤ C34ǫ2K(ǫ−(α+1)τ¯ ). (4.22)
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(4.8) ensures that the family of i − th characteristics do not collapse. Integrating (4.19) and
making use of (4.20)-(4.22), we obtain
H˜(τ¯ ) ≤ H˜(0) + C34ǫ
α+2K(ǫ−(α+1)τ¯ )
+C32ǫ
[(
H˜(τ¯ )2 + ǫH˜(τ¯ ) + ǫ2
)
K(ǫ−(α+1)τ¯) + ǫH(i)(τ¯ ) + H˜(τ¯ )H(i)(τ¯ )
]
M1
+C33ǫ
α+1H˜(τ¯ )
(
ǫ+M1H
(i)(τ¯ )
)
. (4.23)
Therefore, we can deduce from (4.16), (4.18) and (4.23) that, ∀ T ∈ [0, τ1ǫ−(α+1)), τ¯ ∈ [0, τ1),
K(T ) ≤ 2 + 2C23C30M1H
(i)(0), H(i)(τ¯ ) ≤ 2C30H
(i)(0), H˜(τ¯ ) ≤ 2H˜(0), (4.24)
provided that ǫ is sufficiently small.
Furthermore, noting (4.12)-(4.13) it follows from (4.24) that
|σ| ≤ C35, |∂τσ| ≤ C35ǫ
−(α+1), |∂yσ| ≤ C35 (4.25)
and
|z| ≤ C35ǫ, |∂tz| ≤ C35ǫ, |∂yz| ≤ C35ǫ. (4.26)
Therefore, (4.6) and (4.7) hold. Then (4.14)-(4.15) and (4.24) imply that
|φy | ≤ C36, |φty | ≤ C36ǫ, |φt| = |λi(z)| ≤ C36. (4.27)
Therefore, the estimates in (4.5) can be deduced from (4.26)-(4.27). Thus, Theorem 4.1 is
completely proved. 
5 Estimate of lifespan—Proof of Theorem 1.2
In order to prove Theorem 1.2, i.e., (1.26), as we already assume that u are the normalized
coordinates and noting (1.24)-(1.25), it suffices to prove
lim
ǫ−→0
(ǫα+1T˜ (ǫ)) =M0, (5.1)
where
M0 =
{
max
i∈J1
sup
x∈R
{
−
1
α!
dα+1λi
dsα+1
(0)ψi(x)
αψ′i(x)
}}−1
=
{
max
i∈{1,2,··· ,n}
sup
x∈R
{
−
1
α!
dα+1λi
dsα+1
(0)ψi(x)
αψ′i(x)
}}−1
. (5.2)
In order to prove (5.1), similar to L. Ho¨rmander [5] and Kong [7]-[8], it suffices to show that
(I). for any fixed M∗ ≥M0, we have T˜ (ǫ) ≤M∗ǫ−(α+1), namely lim
ǫ−→0
(ǫα+1T˜ (ǫ)) ≤M0
and
(II). for any fixed M∗ ≤M0 − ǫ
1
2 , we have T˜ (ǫ) ≥M∗ǫ−(α+1), namely lim
ǫ−→0
(ǫα+1T˜ (ǫ)) ≥M0.
Let
T∗ = K∗ǫ
−(α+1), T ∗ =M∗ǫ−(α+1), (5.3)
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whereK∗ is the positive constantK6 given in (1.22) andM
∗ is an arbitrary fixed constant satisfying
that M∗ ≥M0. It is easy to see that
0 < T∗ < T
∗ < K4ǫ
−(α+ 32 ). (5.4)
Let x = xi(t, y) (i = 1, 2, · · · , n) be the i− th characteristic passing through an arbitrary given
point (0, y). On any given existence domain 0 ≤ t ≤ T (T ≤ T ∗) of the C1 solution u = u(t, x),
we consider (2.7) along the i− th characteristic x = xi(t, y). We can rewrite (2.7) as
dwi
dit
= a0(t; i, y)w
2
i + a1(t; i, y)wi + a2(t; i, y), (5.5)
where
a0(t; i, y) = γiii(u), (5.6)
a1(t; i, y) =
∑
j 6=i
(γiij(u) + γiji(u))wj +
n∑
j=1
σiji(u)bj(u) + (b˜ii(u)− b˜ii(uiei)), (5.7)
a2(t; i, y) =
∑
j 6=k;j,k 6=i
γijk(u)wjwk +
n∑
j=1
∑
k 6=i
σijk(u)bj(u)wk +
∑
k 6=i
b˜ik(u)wk, (5.8)
in which u = u(t, xi(t, y)) and wj = wj(t, xi(t, y)) (j = 1, 2, · · · , n).
Lemma 5.1 On any given domain 0 ≤ t ≤ T (≤ T ∗) of the C1 solution u = u(t, x), there exist
positive constants K8 independent of ǫ, y and T such that the following estimates hold:∫ T
0
|a1(t; i, y)|dt ≤ K8ǫ, (5.9)∫ T
0
|a2(t; i, y)|dt ≤ K8ǫ
2, (5.10)
K(i, y; 0, T ) ,
∫ T
0
|a2(t; i, y)|dt · exp
(∫ T
0
|a1(t; i, y)|dt
)
≤ K8ǫ
2. (5.11)
Proof. It follows from (2.18)-(2.24) and Theorem 1.1 that∫ T
0
|a1(t; i, y)|dt ≤ C37(W˜1(T ) + V∞(T )V˜1(T ) + V˜1(T )) ≤ C38ǫ. (5.12)
In Theorem 4.1, we take M1 =M
∗ + 1. Noting (4.7) and (1.19), we easily see that
∑
j 6=k;j,k 6=i
∫ T
0
|wjwk|(s, xi(s, y))ds ≤ C19(n− 2)ǫ
∑
k 6=i
∫ T
0
|wk|(s, xi(s, y))ds
≤ C39(n− 2)ǫ
∑
k 6=i
W˜1(T )
≤ C40ǫ
2.
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Therefore, noting (2.22), (2.24) and Theorem 1.1, we get
∫ T
0
|a2(t; i, y)|dt =
∫ T
0
∣∣∣∣∣∣
∑
j 6=k;j,k 6=i
γijk(u)wjwk +
n∑
j=1
∑
k 6=i
σijk(u)
∑
p6=q
bjpq(u)upuqwk
+
∑
k 6=i
(b˜ik(u)− b˜ik(ukek))wk
∣∣∣∣∣∣ dt
≤ C41
 ∑
j 6=k;j,k 6=i
∫ T
0
|wjwk|(s, xi(s, y))ds+ U∞(T )
2W˜1(T ) + U∞(T )W˜1(T )

≤ C42ǫ
2. (5.13)
Then (5.9)-(5.11) can be easily deduced from (5.12)-(5.13). 
Similar to Lemma 1.4.1 in L. Ho¨rmander [5], we have
Lemma 5.2 Let z = z(t) be a solution in [0, T ] of the Riccadi’s differential equation:
dz
dt
= a0(t)z
2 + a1(t)z + a2(t),
where aj(t) (j = 0, 1, 2) are continuous and T > 0 is a given real number. Let
K =
∫ T
0
|a2(t)|dt · exp
(∫ T
0
|a1(t)|dt
)
.
If z(0) > K, then it follows that∫ T
0
|a0(t)|dt · exp
(
−
∫ T
0
|a1(t)|dt
)
< (z(0)−K)−1.
Remark 5.1 L. Ho¨rmander assumed that a0(t) ≥ 0 in Lemma 1.4.1 (see page 230 in [5]). In
Lemma 5.2, we do not assume this. It is easy to find that we can prove Lemma 5.2 similar to
Lemma 1.4.1 in L. Ho¨rmander [5].
Next we give the estimate of the lifespan of classical solution to the Cauchy problem (1.1) and
(1.11) under the assumptions of Theorem 1.2.
(I) Upper bound of the lifespan— Estimate on lim
ǫ−→0+
(ǫα+1T˜ (ǫ)) ≤M0
It follows from (2.6), (2.18)-(2.24) and (1.19) that, along the i− th characteristic x = xi(t, y),
|vi(i; t, y)− vi(i; 0, y)| ≤
∫ t
0
|Fi(s, xi(s, y))|ds
≤
∫ t
0
∣∣∣∣∣∣
∑
k 6=i
n∑
j=1
βijk(u)vjwk +
∑
j,k
νijk(u)vj
∑
p6=q
bkpq(u)upuq
+
∑
p6=q
bipq(u)upuq
∣∣∣∣∣∣ (s, xi(s, y))ds
≤ C43
[
V∞(t)W˜1(t) + V∞(t)
2V˜1(t) + V∞(t)V˜1(t)
]
≤ C44ǫ
2.
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Then, as u are the normalized coordinates and li(0) = ei, from (1.19) we easily get, along the i− th
characteristic x = xi(t, y),
|ui(i; t, y)− ui(i; 0, y)| = |ui(i; t, y)− fi(ǫ, y)| ≤ C45ǫ
2.
Using Hadamard’s formula and noting (1.12)-(1.13), from (5.6) we get, along the i − th char-
acteristic x = xi(t, y),
a0(t; i, y) = γiii(u) = γiii(uiei) + (γiii(u)− γiii(uiei))
= γiii(uiei) +
∑
j 6=i
[∫ 1
0
∂γiii
∂uj
(su1, · · · , sui−1, ui, sui+1, · · · , sun)ds
]
uj
= −
1
α!
∂1+αλi
∂u1+αi
(0)(ui)
α +O(ǫ1+α)
+
∑
j 6=i
[∫ 1
0
∂γiii
∂uj
(su1, · · · , sui−1, ui, sui+1, · · · , sun)ds
]
uj
= −
1
α!
∂1+αλi
∂u1+αi
(0)(ǫψi(y))
α + αO(ǫα+r) +O(ǫ1+α)
+
∑
j 6=i
[∫ 1
0
∂γiii
∂uj
(su1, · · · , sui−1, ui, sui+1, · · · , sun)ds
]
uj (5.14)
Noting that the initial data satisfies (1.25), we observe that there exist an index i0 ∈ J1 and a
point x0 ∈ R such that
M0 =
{
−
1
α!
∂α+1λi0
∂uα+1i0
(0)ψi0(x0)
αψ′i0(x0)
}−1
. (5.15)
Noting (2.10) and (1.15), we have
∂lγi0i0i0
∂uli0
(0) = 0 (l = 0, 1, · · · , α− 1) but
∂αγi0i0i0
∂uαi0
(0) 6= 0.
Then (5.15) becomes
M0 =
{
1
α!
∂αγi0i0i0
∂uαi0
(0)ψi0 (x0)
αψ′i0(x0)
}−1
, (bψ′i0(x0))
−1. (5.16)
Without loss of generality, we may suppose that
b > 0 and ψ′i0(x0) > 0. (5.17)
Otherwise, changing the sign of u, we can draw the same conclusion.
Noting (1.12)-(1.13), (1.25) and (5.11), we get immediately
wi0 (0, x0) = li0 (f(ǫ, x0))
∂f
∂x
(ǫ, x0)
= [li0(0) +O(ǫ)] ×
[
∂f
∂x
(0, x0) +
∂2f
∂ǫ∂x
(0, x0)ǫ+O(ǫ
1+r)
]
= ǫψ′i0(x0) +O(ǫ
1+r) > K8ǫ
2 ≥ K(i0, x0; 0, T ).
Therefore, we immediately observe that Lemma 5.2 (revised version of Lemma 1.4.1 in L. Ho¨rmander
[5]) can be applied to the initial value problem for (5.5) with the following initial condition
t = 0 : wi0 = wi0(0, x0) = ǫψ
′
i0
(x0) +O(ǫ
1+r) (5.18)
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and then we obtain∫ T
0
|a0(t; i0, x0)|dt · exp
(
−
∫ T
0
|a1(t; i0, x0)|dt
)
< (wi0 (0, x0)−K(i0, x0; 0, T ))
−1
,
namely,
exp
(
−
∫ T
0
|a1(t; i0, x0)|dt
)
×
∫ T
0
|a0(t; i0, x0)| (wi0(0, x0)−K(i0, x0; 0, T ))dt < 1. (5.19)
Substituting (5.14) into (5.19) and noting (1.19) and the fact that T ≤ T ∗ =M∗ǫ−(1+α), we obtain
lim
ǫ−→0
{
ǫα+1T ·
1
α!
∂αγi0i0i0
∂uαi0
(0)ψi0 (x0)
αψ′i0(x0)
}
≤ 1. (5.20)
Noting (5.16), from (5.20) we get immediately
lim
ǫ−→0
(ǫα+1T˜ (ǫ)) ≤M0. (5.21)
(5.21) gives an upper bound of the lifespan T˜ (ǫ).
(II) Lower bound of the lifespan— Estimate on lim
ǫ−→0+
(ǫα+1T˜ (ǫ)) ≥M0
To do so, it suffices to prove that, for any fixed M∗ satisfying that
0 < M∗ < M0 − ǫ
1
2 r, (5.22)
we have
T˜ (ǫ) ≥M∗ǫ
−(α+1), (5.23)
provided that ǫ > 0 is small enough. Hence, we only need to establish a uniform a priori estimate
on C1 norm of the C1 solution u = u(t, x) on any given existence domain 0 ≤ t ≤ T ≤M∗ǫ
−(α+1).
The uniform a priori estimate on C0 norm of u = u(t, x) has been established in Theorem 1.1. It
remain to establish a uniform a priori estimate on C0 norm of the first derivatives of u = u(t, x),
namely a uniform a priori estimate on C0 norm of w = (w1(t, x), w2(t, x), · · · , wn(t, x))T .
In order to estimate wi = wi(t, x) on the existence domain 0 ≤ t ≤ T (where T satisfies
T ≤M∗ǫ−(α+1)) of the C1 solution u = u(t, x), we still consider (5.5) along the i− th characteristic
x = xi(t, y) passing through an arbitrary fixed point (0, y). Without loss of generality, we may
suppose that
ψ′i(y) ≥ 0. (5.24)
Otherwise, changing the sign of u, we can draw the same conclusion.
Let
a+0 (t; i, y) = max{a0(t; i, y), 0}.
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Noting the fact that T ≤M∗ǫ−(α+1) and using Theorem 1.1, (5.14) and (5.18), we obtain
wi(0, y)
∫ T
0
a+0 (t; i, y)dt
≤
(
ǫψ′i(y) +O(ǫ
1+r)
){
max
{
−
1
α!
∂1+αλi
∂u1+αi
(0)(ǫψi(y))
α, 0
}
T
+C46
(
αǫα+rT + ǫ1+αT + V˜1(T )
)}
≤ max
{
−
1
α!
∂1+αλi
∂u1+αi
(0)(ψi(y))
α, 0
}
ψ′i(y)M∗ + C47(ǫ
r + ǫ)
≤ M−10 M∗ + C48ǫ
r =M−10 (M0 − ǫ
1
2 r) + C48ǫ
r < 1, (5.25)
provided that ǫ > 0 is small enough. On the other hand, noting (5.14) and Theorem 1.1, we get
immediately∫ T
0
|a0(t; i, y)|dt ≤ C49(ǫ
αT + αǫα+rT + ǫα+1T + ǫ) ≤ C50M∗ǫ
−1 ≤ C51ǫ
−1. (5.26)
Then, noting (5.25)-(5.26) and Lemma 5.1, we obtain∫ T
0
a+0 (t; i, y)dt× exp
(∫ T
0
|a1(t; i, y)|dt
)
< (wi(0, y) +K(i, y; 0, T ))
−1 (5.27)
and ∫ T
0
|a0(t; i, y)|dt× exp
(∫ T
0
|a1(t; i, y)|dt
)
< (K(i, y; 0, T ))−1, (5.28)
where T ≤M∗ǫ−(α+1).
Noting (5.24) and (5.27)-(5.28), we observe that Lemma 1.4.2 in L. Ho¨rmander [5] can be
applied to the initial value problem for equation (5.5) with the following initial condition
t = 0 : wi = wi(0, y).
Then we have
(wi(T, xi(T, y)))
−1 ≥ (wi(0, y) +K(i, y; 0, T ))
−1 −
∫ T
0
a+0 (t; i, y)dt
× exp
(∫ T
0
|a1(t; i, y)|dt
)
, if wi(T, xi(T, y)) > 0 (5.29)
and
|wi(T, xi(T, y))|
−1 ≥ (K(i, y; 0, T ))−1 −
∫ T
0
|a0(t; i, y)|dt
× exp
(∫ T
0
|a1(t; i, y)|dt
)
, if wi(T, xi(T, y)) < 0. (5.30)
Noting (5.25)-(5.26) and Lemma 5.1, from (5.29)-(5.30) we get respectively
(wi(T, xi(T, y)))
−1 ≥
1
2
(
1−
M∗
M0
)
(wi(0, y) +K(i, y; 0, T ))
−1, if wi(T, xi(T, y)) > 0 (5.31)
and
|wi(T, xi(T, y))|
−1 ≥
1
2
(K(i, y; 0, T ))−1, if wi(T, xi(T, y)) < 0. (5.32)
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Therefore, we have
wi(T, xi(T, y)) ≤
2
1− M∗
M0
(wi(0, y) +K(i, y; 0, T )) ≤ C52ǫ
1− 12 r, if wi(T, xi(T, y)) > 0 (5.33)
and
|wi(T, xi(T, y))| ≤ 2K(i, y; 0, T ) ≤ 2K8ǫ
2, if wi(T, xi(T, y)) < 0. (5.34)
It follows from (5.33)-(5.34) that
|wi(T, xi(T, y))| ≤ C53ǫ
1− 12 r. (5.35)
For each i ∈ {1, 2, · · · , n} and any t ∈ [0, T ], we can prove similarly that wi(t, xi(t, y)) satisfies the
same estimate. Noting that (0, y) is arbitrary, we have
||w(t, x)||C0 [0,T ]×R ≤ C54ǫ
1− 12 r,
where T ≤M∗ǫ
−(α+1). Hence, (5.23) holds and then
lim
ǫ−→0+
(ǫα+1T˜ (ǫ)) ≥M0. (5.36)
The combination of (5.21) and (5.36) gives (1.26). Thus, Theorem 1.2 is proved completely. 
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